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Abstract 
At present, the main problem faced by ground-based augment system (GBAS) is that though carrier smoothing filter and local dif-
ferential global positioning system (LDGPS) improve the accuracy of the pseudorange by reducing the noise in it and eliminating almost 
all the common errors between the user and the reference station, they also cause extra errors on account of the effects of the ionosphere 
temporal and spatial gradients. Based on the analysis of these errors as well as the smoothing noise, this article suggests a new algorithm 
to design the optimal Hatch filter, whose smoothing window width varies real-time with the satellite elevation, ionosphere variation, and 
distance from the user to the reference station. By conducting the positioning process in the GBAS emulation platform for several hours 
and after its comparison with the performances of traditional Hatch filters, it is found that the errors in the differential correction become 
smaller and the positioning accuracy gets heightened with this new method. 
Keywords: Hatch filter; optimize; ionosphere; temporal gradient; spatial gradient; differential correction; GBAS 
1 Introduction* 
The ionosphere spatial and temporal gradients[1] 
exert influences on the accuracy of ground-based 
augment system (GBAS) via two aspects: first, the 
user of GBAS manages to eliminate most of the 
user’s ionospheric errors by using differential cor-
rection from the nearby reference station because it 
“sees” almost the same ionosphere delay[2-3]. How-
ever, there still remain some errors on account of the 
spatial gradients between the reference station and 
the user. Therefore, the farther the user is from the 
reference station, the larger these errors will be. 
Second, in GBAS, the association of pseudorange 
with the carrier phase measurements by means of 
Hatch filters[4] improves the accuracy of pseudo-
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range, thanks to more accurate phase measurements. 
However, because of the effects of the ionosphere 
spatial and temporal gradients on the carrier 
smoothing filter, there will be an extra error added 
to the smoothing code measurement, which is then 
merged with the differential correction in the dif-
ferent processes[5]. In particular, a local ionospheric 
storm[6-7] may probably cause much larger spatial 
and temporal gradients[8-10], thus inducing a signifi-
cant error in the carrier smoothing process, which 
poses a significant threat[11-12] to the GBAS. 
For the purpose of reducing the additional error 
of the ionosphere gradients to support the precise 
approach of CAT III[13-14], for local area augment 
system (LAAS), many researchers have been work-
ing on improving the performance of the carrier 
smoothing filter. G. McGraw, et al.[15-17] designed 
two dual-frequency filter methods, called diver-
gence-free (D-free) and ionosphere-free (I-free), 
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separately, which are both able to eliminate the er-
rors on account of the ionosphere temporal gradi-
ents, and in particular, the I-free filter is even able  
to remove all the effects from the ionosphere.  
Nevertheless, H. Konno, et al.[18] pointed out that 
actually the I-free filter could never be applicable 
unless under a severe ionospheric storm condition, 
nor could D-free resist any severe ionosphere storm. 
G. McGraw, et al.[17] also suggested a Hatch filter 
with a changeable time constant, but this method 
also faced the threat of severe ionospheric storm, 
just as the traditional Hatch filters did. However, 
most of the existing filters could not work very well 
when applied under severe ionospheric storm condi-
tions because they failed to solve the problem of the 
ionosphere spatial gradients. Even if some of them, 
such as I-free, were capable of settling the problem, 
the noise caused by using the dual frequency code 
still rendered unsatisfactory performances[18].  
This article analyzes the extra error on account 
of ionosphere spatial and temporal gradients in both 
the Hatch filter process and the differential process, 
and introduces an analytical expression for the 
whole extra error because of the ionosphere. Sub-
sequently, based on the analysis of this extra error 
on account of ionosphere gradients, with considera-
tion to the smoothing noise, the distance root mean 
square (DRMS) of differential correction error is 
derived. This results in a new optimal Hatch filter, 
which can minimize differential correction error in 
GBAS as well as improve the performance of posi-
tioning.  
2 Analysis of Additional Error in Smooth-
ing Process and Differential Process 
2.1 Single-frequency Hatch filter 
The single-frequency carrier smoothing filter 
uses the code measurement and the carrier meas-
urement. The process can be expressed as  
s
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where Ws indicates the filter time constant, Ts the 
sample interval, p the code measurement, I the car-
rier phase measurement, ps the smoothing code 
measurement. 
After smoothing, the noise of the smoothing 
code measurement can be described by[15] 
s
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where VI indicates the standard deviation of the 
carrier phase measurement noise, Vp that of the 
code measurement noise. 
It is noted that the noise of the smoothing code 
measurement approaches the noise of the carrier 
phase measurement if the time constant becomes 
large enough. It stands to reason that applying a 
proper big time constant can minimize the error. 
However, because of the effects of the iono-
sphere spatial and temporal gradients, there will be 
another error added to the smoothing code meas-
urement.  
Now, for the convenience of carrying out fur-
ther investigation of the effects, the key components 
of code and phase measurement can be expressed as  
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where r indicates the common components of code 
measurements and carrier measurements, including 
actual distance, clock offsets, and troposphere delay, 
I the ionosphere component, H the random noise on 
code measurement (thermal noise and multipath), 
and K the random noise on carrier measurement. 
In much the same way, the smoothing code 
measurement can be expressed as 
s ( ) ( ) ( ) ( )p k r k I k kT           (5) 
where T is the error of the smoothing code meas-
urements. 
By some rearrangement, the earlier equation 
can be approximated to a continuous expression as 
follows:[5] 
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This is a first-order equation, of which the so-
lution, or the extra error on account of the iono-
sphere, is given by 
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0 0
s
e e (2 2 ) d
t t'
t
t'
I Iv t'
t' r
W W HT T W

 
ª ºw w« »   w w« »¬ ¼
³   (8) 
It is clear that this error is linked with the 
user’s velocity v, ionosphere spatial gradient, and 
temporal gradient. 
2.2 Effects of temporal gradient and spatial  
gradient 
In the following analysis, the temporal gradient 
is considered first, by expressing the ionosphere 
temporal gradient as  
1
I k
t
w  w                  (9) 
Neglecting the other factors inclusive of the 
mutipath, the spatial gradient and initial value, can 
be obtained, and the effects of the temporal gradient 
on the carrier smoothing process described by 
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Eq.(10) shows that the filter error asymptoti-
cally approaches a constant offset equals the prod-
uct of minus doubled temporal gradient multiplied 
by the time constant, which can be expressed as 
follows when it comes to a steady state. 
temp
s 1steady 2 kT W               (11) 
It can be anticipated that this error will proba-
bly be much larger when an aircraft comes across a 
violent ionospheric storm. Unless it is properly 
treated, a huge integrity risk can happen. 
Fig.1 shows the additional errors on account of 
ionosphere temporal gradient, in the carrier 
smoothing process. In the simulation, the iono-
sphere temporal gradient is assumed to be 5 mm/s. It 
is observed that the longer the time constant is, the 
larger the additional error will be. 
 
Fig.1  Effects of ionosphere temporal gradient on carrier 
smoothing. 
Subsequently, only the spatial gradient is taken 
into account and the ionosphere temporal gradient is 
expressed as 
2
I k
r
w  w                (12) 
By neglecting the other factors including the 
mutipath noise, the temporal gradient, and the initial 
value, the effects of spatial gradient on the carrier 
smoothing process can be described by 
s s s
s 20
e e 2 d 2 (1 e )
t t' t
t
t'
Iv t' vk
r
W W WT W  
w    w³  (13) 
It shows that the filter error asymptotically ap-
proaches a constant offset equals minus doubled 
spatial gradient multiplied by the time constant and 
the user’s velocity, which can be expressed as fol-
lows, when it comes to a steady state. 
spatial
steady s 22 vkT W              (14) 
Eq.(14) shows that the spatial gradient exerts 
more effects on the users in quick motion, such as 
flying airplanes, but it does not do so on stationary 
users.  
Fig.2 shows the additional errors on account of 
ionosphere spatial gradient in the carrier smoothing 
process. In simulation, the ionosphere spatial gradi-
ent is assumed to be 1.25 cm/s and the user’s veloc-
ity 300 m/s. It shows that the longer the time con-
stant is, the larger the additional error will be. 
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Fig.2  Effects of ionosphere spatial gradient on carrier 
smoothing.  
2.3 User error on account of ionosphere gra-
dients in GBAS 
According to the analysis of the errors induced 
by ionospheric characteristics in the carrier smoo- 
thing process, the additional errors related to the 
ionosphere gradient in GBAS can be described by 
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where ob indicates the oblique factor, aW the user 
filter constant, bW a reference filter constant, v the 
speed of the user; and x the distance from the user to 
the reference station. 
It can be seen that the Eq.(15) is rather com-
plicated because the errors in differential correction 
are related not only to the user smoothing constant 
and its velocity, but also with the reference to the 
time constant. Moreover, the ionosphere temporal 
and spatial characteristics also constitute very im-
portant influencing factors. 
3 New Optimal Hatch Filter 
3.1 DRMS of differential correction 
It is a prerequisite to calculate the differential 
error DRMS for the purpose of finding the optimal 
time constant. The noise of the differential correc-
tion for the user can be described by 
a b( ) ( ) ( )N t N t N t             (16) 
where Na is the user smoothing noise and Nb the 
reference smoothing noise. Assuming that the noises 
from both the original measurements are equal, the 
following can be obtained 
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The whole error after the differential process 
can be described by 
( ) ( ) ( , )p t N t I t xG   '           (18) 
Therefore the DRMS value of the user pseu-
dorange can be acquired through smoothing and 
differential correction. 
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3.2 Optimal Hatch filter based on minimizing
DRMS of differential correction 
A proper selection of the values of aW  and bW 
is needed to minimize DRMS, for reducing the er-
rors in differential correction. Thus DRMS( aW , bW ) 
should be taken in place of DRMS, where aW  and 
bW are bound to satisfy the following equations 
2
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When 1 2 0k k v  , Wa and Wb satisfy Eqs.(20)- 
(21), the result satisfies the following equations: 
2 2
1 2 a 1 b( )k k v kW W              (22) 
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Obviously, there must be a minimum so that 
the optimal time constants become the values most 
suitable for the differential process to reduce its er-
rors. 
Then the following optimal time constants can 
be achieved,  
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When 1 2 0k k v  , neither Wa nor Wb satisfies 
Eq.(24). However, DRMS can be still minimized. 
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Then the following results can be obtained, 
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When 1 2 0k k v ! , DRMS reaches its mini-
mum, if Wa and Wb satisfy the following equation:  
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a
b
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4 Experiments and Results on This  
    Optimal Hatch Filter 
Some studies on simulation were conducted to 
verify the performances of this algorithm. In the 
simulation, a performance comparison was made 
between this algorithm and the traditional Hatch 
filters, with different time constants, set at 100 s[14], 
200 s, 400 s, and 800 s (the time constant, 100 s, 
was recommended by the LAAS specification). As-
suming that the reference stations were at 40.014° N, 
116.533° E, and 33.877 m, in the earth-centered 
earth-fixed (ECEF) coordinates, and the positions of 
the satellites were calculated by using the ephemeris 
data, then the elevation and the actual distance from 
the reference station to the satellites could be 
achieved. As clock offsets and troposphere delay 
could be eliminated in the differential process on 
account of their strong spatial correlation, they were 
neglected in the simulation. The code measurement 
could be constructed by combining the actual dis-
tance, positive ionosphere delay, and white noise. In 
much the same way, the carrier measurement could 
be performed by combining the actual distance, 
negative ionosphere delay, and white noise. The 
ionosphere temporal gradient was 0.08 mm/s and 
the ionosphere spatial gradient was 6 Pm/m (under 
normal conditions, the ionosphere temporal gradient 
and ionosphere spatial gradient would not exceed 
0.025 mm/s and 1.0 Pm/m[19], respectively), and the 
velocity of the user was 20 m/s. The user went into 
the reference station from a distance of 20 km east 
of the station. As mentioned earlier, the distance 
from the user to the reference station, elevation an-
gle, and ionosphere gradient were all decisive fac-
tors that the optimal constants depend on. Table 1 
shows the optimal constants for four satellites (2#, 
4#, 10#, 12#) at the same time, with different eleva-
tions. 
Table 1 Optimal constants of different satellites at same 
time 
Satellite 2# 4# 10# 12# 
Optimal user 
constant/s 331 342 360 348 
Optimal 
reference 
constant/s 
578 589 628 598 
Elevation 
angle/(°) 55.062 70.344 26.432 35.293 
Fig.3 shows the errors of differential correction 
for optimal hatch filters and traditional Hatch filters 
with different time constants, set at 100 s, 200 s, 
400 s, and 800 s, respectively. In Fig.3, the tracking 
satellite is 2#. 
½°°°°°°¾°°°°°°¿
3
3
3 
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Fig.3  Errors of differential correction using different  
methods. 
From Fig.3, it can be found that the curve of 
differential correction error with the optimal time 
constant is much closer to zero, when compared to 
the other differential correction curves with tradi-
tional Hatch filters. It illustrates that the differential 
correction with the optimal time constant has the 
least errors among the five methods, which is 
greatly beneficial for improving the accuracy of the 
differential correction. To make a more clear com-
parison between the errors of differential corrections, 
their DRMS has been computed and is shown in 
Table 2. 
Table 2 DRMS of differential correction’s errors with 
different filters applied 
 Constant 100 s 
Constant 
200 s 
Constant 
400 s 
Constant 
800 s 
Optimal 
constant
Differ-
ential 
error/m 
0.069 0.167 0.276 0.448 0.035 
It can be seen from Table 2 that the error in 
differential correction with an optimal Hatch filter 
applied is the least of all by reducing it by about 
50.0%, 79.0%, 87.3%, and 92.2%, when compared 
to the traditional Hatch filters, with time constants 
of 100 s, 200 s, 400 s, and 800 s, respectively, 
thereby demonstrating the edge of this new method. 
To further evaluate the effects of this new op-
timal Hatch filter, the user was provided with the 
reference station track and four identical satellites at 
once, to apply differential positioning on the user 
with different methods. Among the methods, one 
involves the new optimal Hatch filter, whereas, the 
others are traditional filters with time constants of 
100 s, 200 s, 400 s, and 800 s. The horizontal and 
vertical positioning results are shown in Fig.4 and 
Fig.5. 
 
Fig.4  Horizontal errors using different methods. 
 
Fig.5  Vertical errors using different methods. 
From Fig.4 and Fig.5, it can be seen that the 
horizontal and vertical errors with this new optimal 
Hatch filter applied are much closer to zero thus 
illustrating better positioning accuracy possessed by 
the optimal method over other classic ones. To have 
a clearer understanding of the comparative position 
errors, the DRMS of position errors were calculated 
and the results are listed in Table 3. 
Table 3 shows the differential position errors 
by applying this new filter and other classic Hatch 
filters with four different smoothing constants re-
spectively. 
Table 3 Positioning errors by using different methods 
 Constant 100 s 
Constant 
200 s 
Constant 
400 s 
Constant 
800 s 
Optimal 
constant
Hori- 
zontal 
DRMS/m
0.659 0.644 0.393 0.612 0.214 
Vertical 
DRMS/m 0.490 0.526 0.560 0.812 0.140 
From Table 3, it can be found that this new 
method reduces position errors by about 68.0%, 
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64.0%, 45.5%, and 65% if compared to classic 
Hatch filters with time constants of 100 s, 200 s, 
400 s, and 800 s, respectively.  
5 Conclusions 
The above analysis and results have born wit-
ness to the significant improvement of the perform-
ances of cheap single frequency receivers by using 
the proposed new Hatch filter with optimal real-time 
constants on both user and reference station. By 
means of it, the differential position errors are likely 
to be reduced by 68% compared to classic Hatch 
filter with constant of 100 s. This new Hatch filter 
uses the structure of classic Hatch filter, which 
makes it retain structural simplicity without re-
quirement of more processing as well as providing 
much better positioning services. 
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